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1 Introduction 

In this paper, we consider the existence and the asymptotic completeness of the wave 
operators for Schrodinger equations with time-dependent potentials which are short-range 
in space. For time-independent short-range potentials, the wave operators have been 
studied since 1950s by methods of using properties of spectrum (e.g., J. Cook [S], S. 
Kuroda El). Then the ranges of the wave operators are characterized by the absolutely 
continuous subspace. V. Enss m has proved the existence of the wave operators and 
that the non-trivial singular continuous subspace of H is nothing. Then the ranges of 
the wave operators are characterized by the continuous subspace of the operator. For 
time-dependent short-range potentials, D. R. Yafaev [T] has shown the existence of the 
wave operators with time-dependent potentials, and that the ranges coincide with the 
entire space under the suitable conditions. H. Kitada-K. Yajima [2] shows the existence 
the wave operators and the modified wave operators with time-dependent potentials which 
are short-range in space and has characterized the ranges of the (modified) wave operators. 
In this paper, we prove the existence and characterize the ranges of the wave operators 
for Schrodinger equations with time-dependent potentials which are short-range in space 
by introducing the wave packet transform. 

We consider the following problem: 



( 1 ) 


in the Hilbert space % = L^(]R"'), and the domain D{Hq) = where is 

Sobolev space of order two. 

We assume that V is satisfied with the following conditions called “short-range”. 

Assumption (A). (i) V{t,x) is a real-valued function of {t,x) E M x W^. 

(ii) There exists a constant d > 1 such that there exists C > 0 satisfying 


|V(ba;)| < C(l +|x|)“^ {t,x)eRxR^. 
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Under Assumption (A), H{t) is self adjoint in with the domain D{H{t)) = 

for each t G M. Then there exist unitary evolution operators U{t,to) satisfying 
the following conditions (c.f., T. Kato M)- 
(i) U{t,to)f is continuous function of t and 

U{t,T')U{T', t) = U{t,T), U{t,t) = Id t,T',T £ M. 


(ii) U(t,T)f is continuously differentiable and 


^U{t,T)f = -iH{t)U{t,T)f /gL2(R-). 


Let o > 0 and R> 0. We define L = by 


{(x,0 € M*" X M*" lel < o or |x| > , 


and Sscat by 


ha.i? = 


Sficat — ^ € 5 


|d> € 5 ||d>||£, 2 (Rn) = 1 and $(0) / o| . 


Definition 1. (Wave packet transform) 

Let ip G S \ {0} and / G S'. We define the wave packet transform W^f{x,^) of / with 
the wave packet generated by a function cp as follows: 

W^fix,C) = [ ip{y - x)f{y)e-'y^dy, (x,e) G M" x M”. 

JR^ 

We also define the inverse of the wave packet transform W~^ for a function F(x, on 
M"’ X as follows: 


y^^rmrLRRr^) J 

Definition 2. (Scattering subspace) 

Let G Sscat- We define D^catix) by the set of all functions in satisfying that there 
exist a > 0 and R > 0 such that 


Xr.,«f^$(t)[t/(t,r)/](x + {t- T)e,0 ^ 0(t ^ ± 00 ) in x M") 

where d>(f) = 

The scattering subspaces D^’^(r) is defined by the closure of D^’^(t). 

The aim of this paper is to prove the following theorem. 

Theorem 1. Suppose that (A) be satisfied. Then the wave operators 

W±{t) = s-lim U(r, 

t—>-dioo 

exist for any r G M and their ranges 'R{W±{t)) coincide with for any <h G Sscat- 

In particular, D^’^(t) is independent of $. So in the sequel, we write as 

Dfcatix)- 
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We use the following notations throughout the paper. 

d:c, = d/d^^, dt = §i,L^ = L2(M-), II • II = II • llz.2, (•,•) = 

Y^\a+i3\=l ll^^'^x/ll- ^ i® the Fourier transform: 


i = n € N. We write 

(•) (t) = 1 + |t|, 11/11^; = 


-^/(O = /(O = [ e-^^<f{x)dx. 
JR" 


We also write F~^f{x) = (27r)“”'J and xa{x) denotes the characteristic func¬ 

tion of a measurable set A. For an operator T, D{T) and TZ{T) denote the domain and 
range of T. 'Hp{T) denotes pure point subspace of a self-adjoint operator T. 

We can treat both x and ^ in the phase space at the same time by introducing the 
wave packet transform. In order to prove asymptotic completeness of the wave operators, 
the phase space decomposition into near the classic orbits of the particles or not requires 
complicated arguments. Specifically, for the phase space decomposition operators corre¬ 
sponding to P+, P_, we have to prove P-U{t,0) —)• 0 and P+f7(t,0) P+e Enss 

method and other studies m, 0 , m) define the phase space decomposition opera¬ 
tors as a pseudo-differential operator. But our method by the wave packet transform can 
treat both x and ^ in the phase space at the same time, we only have to the multiplication 
operators of the characteristic functions. Thus we can decompose the phase space by only 
using the density argument. 

Remark 1. We see that the condition V G and that there exists h G T^([0, oo); dR) 

such that 

\\X\x\>Ry{t,x)\\L^(Rr.+ l) < h{R) 
can replace Assumption (A), (iii). 

Remark 2. If V{t,x) = V{x){, H{t) = H) is independent of t, we see that U{t,T) = 

_ Xhen we obtain T 'Hp{H) for all r G M. 

Remark 3. In the case n > 2, we obtain an another characterization of 'R-{W±{t)). 

Let a>0, 0<(T<1 and $ G Sgcat- We define Ta,a by 


r — 

a,(7 — 




1^1 < a or I cos 6{x, ^)| > 


where cos9{x,^) = (x-^)/|x||^|, and is the closure of the set of all functions in 

satisfying that there exist a > 0 and a G (0,1) such that 


^ 0 ^ ±oo) in X M”). 

Then we get for any <I> G Sscat 

(2) Af^^^ir) = P(W±(r)) = P±,,(r). 


The plan of this paper is as follows. In section 2, we mention the properties of the wave 
packet transform. In section 3, we give the proof of the existence of the wave operators. 
In section 4, we give the proof of the characterization of the ranges of the wave operators. 
In section 5, we prove the remarks. 
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2 Wave packet transform 


In this section, we introduce the properties of the wave packet transform. 

Proposition 1. Let (p & S \ {0} and / G S'. 

Then the wave packet transform Wipf{x,^) has the following properties: 

(i) W^f{x,0 

(ii) If u, ip depend on t, we have 

W^(t)[dxf\{t,x,i) = in S', 

W<p{t)[dtf]{t,x,i) = 5tIT^(t)[/](t,x,0 - WQ^^(j:)[f]{t,x,5), in S'. 

(hi) If /,5 G -0 G ‘5\ {0}, 

(M^¥’/,tfV.fi')L2(RSx]R-) = (V?,''/')(/, S') = (V',V^)(/,S)- 
(iv) The inversion formula = f holds. 

Proof. See [1]. □ 


In this section, let ipo & S \ {0} and uq £ L'^. The idea of considering the wave packet 
transform with a time-dependent wave packet is quoted from [5]. 

We transform ([T]) with initial data: 


( 3 ) 


idtu -|- ^ An — V{t, x)u = 0, (t, x) G M x M"", 

ti(to) = Uq, X G M" 


via the wave packet transform with a wave packet p){t) = e From Proposition [U 

we have 


W^(t)[l^u]{t,x,C) = j <p{t,y - x)Au{y)e~'y^dy 
= j A(^(t, y - x)u{y)e~'y^dy 

+ J (-2i^ • Vy)¥?(t, y - x)u{y)e~'-y^dy - J ip{t, y - x)u{y)e~'-y^dy 

= WA^{t)uit, X, 0 + X, 0 - X, C). 

Since W,^(^t)[idtu]{t,x,f,) = idtW^(t)u{t,x,f,) + WiQ^,^(^t)uit,x,f,), ([3]) is transformed to 


(^idt + iC ■ - ^|^p)w'<^(t)w(t,x ,0 = i?^o(t,x,C;uo), 

W^ito)u{to,x,^) = W^QUQ{x,i), 


where 

Rvoit^x,(,]Uo) = j e-^^^0ipQ(^y - x)V{t,y)U{t,0)uo{y)e~'y^dy. 
Regarding x,^;mo) of (HD as an inhomogeneous term, we have 

W^(t)u{t, X, 0 - {t- to)?, ?) 

-i f - (t - s)?,?;Mo)f^s- 

Jto 
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This shows that the wave packet transform enables us to present the propagator with the 
integral equation. Therefore for t,t' > 0 and ijj G L^, we obtain the following calculations: 


(5) 




(6) = V^„V’((® + to - to 0 

-i j ((x+ t^) - (t - s)^;V’)ds) 

= W^o'ip{x,0 -t [ 

Jo 

(7) = e-5*(*-*')l«lV^pq[e-**'^°V’](x -it- t')00 

pt' 

+ i / R^^{s,x + it - s)00e-^^'^°^p)ds 

j-t' 

= 1T^qV'(x - i J R^^is,x + it - s)00e~'^'^°i’)ds. 

3 Existence of the wave operators 

In this section, we prove the existence of the wave operators by the wave packet transform 
in the previous section. 

Let 0 < p < 1. We define Vp as follows: 


ypit,x) = xoi-^x)Vit,x), 


where xo € satisfies Xoix) = 1 (|a;| > 1), Xoi^) = 0(|3:| < ^)- Then there exists 

C > 0 such that 


(8) \Vpit,x)\<C{t)-\ 
for any f G M, x G M”. When \x\ > p{t), 

(9) Vpit,x) = Vit,x). 

The following well-known lemma is used in the proof of Proposition [3j 

Lemma 2. Let / G 5. If supp/ C K with some compact set K which does not contain 
the origin, for an open set K' D 2K and l,k >0 there exists C = CK,K',i,k such that 

\e-^^^ofix)\ < C{t)-0x)-^\\f\\H^+, ix/t + 0). 
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Proof. See [9]. □ 

Using the above lemma, we obtain the following lemma. 

Proposition 3. Let a > 0 and R > 0. There exist tq > 0 and T > 0 such that for all 
r G (0, ro] 

ll-^VO ^ C*(s) II V’ll 

for some C = Ca Rr > 0 and for any s >T where (po G 5\{0} satisfying supp(/5o C {r/2 < 

ICI<^}- 

Proof. For c G (0, a), we see that 

|x ± s^l > as — R > cs > 2 ^{s) 

for any (x,^) G \ Fa^^j and s >T = max{i?/(a — c), 1}. 

Taking p = cfQ, we put 

R<Poi’^,x,f,;^p) = j - x)V{s,y)U{s,0)f;{y)e~'‘^ydy 


< 


+ 


'{|i/-a:|<2ps} 


e - x)V{s,y)U{s,0)'il;{y)e dy 


/ e ^^^°ipo{y - x)V{s,y)U{s,Q)ii{y)e "'^'^dy 

J {\y-x\>2ps} 

= h{s,x,i\il)) + /2(s,x,^;V')- 

By dHD, m, change of variables as x' = x + and Plancherel theorem, we have 
|/i(s, X + s^, V’)||^2(]K2n\ra,H) 


'{|3/-U+sC)l<2ps} 


e ^^^Oipoiy - {x + sC))Vp{s,y)U{s,0)'if{y)e ''^^dy\\L^R 2 u\r, i 


< 


'{|3/-a:'|<2ps} 


e - x')Vp{s,y)U{s,0)'il;{y)e 


xR") 


\\X{\y-x\<2ps}e “'f^O(^o(y-a:)Up(s,y)[/(s,0)V’(y)||^2(]RnxRu) 

l|e““-^°V^o(y -a:)Up(s,y)C/(s,0)V'(y)||^2(RnxRn) 


<C(s) 


-5i 


for s >T. By Lemma [2] and taking xq = p, we have 

11 ^ 2 ( 5 , X + S.^, V’)||j^2(R2n\p^^^) 

<11 / e-“^0(/?o(y - a;')^(s:y)^('S,0)V'(y)e"<^(i2/||^2mn xR-^) 

J {\y—x^\>2ps} ^ 

= ||x{|y-x|>2p4e-“-f^O(^o(y _a;)U(s,y)[/(s,0)V’(y)||p2(RnxRn) 

< C'(s)"^||v9o||h'=+* II (y - x}~^V(s, y)U (s, 0 )V’(y)||p 2 (RnxRn) 

= C'(s)"^ll<y?o||//»=+*||(a:)"'||||U(s,0)V’(?/)|| 

<C(s)-^||V^||. 
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□ 


We give a proof of the existence of the wave operators W±{t). The following lemma 
is well known and has been already proved, however, we give the proof using wave packet 
transform. 


Proposition 4. Suppose that (A) be satisfied. Then the wave operators W±{t) exist for 
any r E M. 

Proof. Substituting V{t — t,x) for V{t,x), it suffices to show the case r = 0. We prove 
the existence in the case t —>■ +oo only. In the other cases, they can be proved similarly. 

Let E Sscat and uq E L^. It suffices to prove the existence for W$no E = 

0}). Indeed, let e > 0 fixed. Since \ {|^| = 0}) is dense in there exists 

uj E \ {|C| = 0}) satisfying \\W<pUo - a;||i 2 (K 2 n) < e. 

Since ||<h|| = 1, putting uq = we have 

W^uq = UJ, ||no - rtoll = \\W^uq - IIdi,uo||L2(K2") 

= IIW — Wl,tto||L2(R2n) < e. 

Then there exist a > 0 and R > 0 such that suppw C \ Ta,R. Let (po G S \ {0} 
satisfying 

suppvfo ^ < 1^1 < 0 < r < ro, |(4>,(/?o)| > 0 

where ro is the value satisfying Proposition [3l Thus, we have by dG]) 


{U{0,t)Uo{t,0)uo,'ip) = {uo,Uo{0,t)U{t,0)'if) 

Using Lemma [3] and Schwarz’s inequality, we obtain for t' > t >T 


IU#uo, / R^o{s,x + sC,f,','ip)ds 


l 2 (supply* no) 


< 


< 


||hL<I>l^0||L2(R2n) • X + S^, V’)||L2(]R2n\p^^^)(is 

enroll C{i 


(s) 


< C{t)^-^\\uo 


if r = T(a, R) is sufficiently large. This implies the existence of the wave operator IU+(0). 

□ 
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4 Characterization of the wave operators 


In this section, we characterize the ranges of the wave operators by the wave packet 
transform. 

Proposition 5. Suppose that (A) be satisfied. Then we have 

nW^ir)) = 

for any $ E Sscat- 

Proof. Similar to the previous section, we shall prove 

( 10 ) n{w+m = 

In the other cases, they can be proved similarly. 

Let <I> E Sscat and e > 0 fixed. For simplicity, we write IF+ = IF+(0), 

We first prove 

(11) c D+af 

Let / E 7^(IL+). Then since \ {|^| = 0})) is dense in L^, there exists 

g E \ {III = 0})) such that 

(12) \\f-W+g\\<e. 

By the definition of iy+ and ([5]) , we have 

(13) hm ||[/(L0)W+<7-e-**%|| =0, IP$(i)[e-'*%](x + t|,|) = W$<7(x,|). 

t—>-co ' ' 

For g E IT,^^(C'^(M^”\{||| = 0})), there exist a > 0 and R> 0 such that suppiy $(7 C 
M'” \ ra,R. 

Thus from (fT^ . (fT^ . we obtain 

llxr,,fllF$(t)[C/(L0)/](x + t|,|)||i2(K2n) < e. 

Thus IfTTI) is proved. 

Next we prove 

(14) 7^(W+) D D+af 

If the limit 

(15) IFT^uo = s-lim e**^°[/(f, 0)wo 

t—>+00 

exists for any uq E (flTl) is obtained. 

It suffices to prove (fT^ for uq E Indeed, from the definition of for any 

e > 0 and uq E there exists uq E D^cati^) such that ||rio — uo|| < £• 

Let uq E Then we fix a > 0 and R > 0 satisfying 

Om ||xr,.fllF$(t)[C/(t,0)7ro](a; + t|,|)||L2(K2n) =0 


( 16 ) 


and write F = Ta,R, F^ = \ F. 

From Proposition [H we have 


(e'*^°C/(t,0)no,V^) = (i7(t, 0)^X0, 

= (xr(a:-tC,0^$d)[C^(i,0)no],W^(t)[e"**^°xA])^2(K2n) 

+ OW^it) [U{t, 0)uo],W^^t) [e"*‘^°V’])i2(K2n), 

(e*''^°C/(t',0)uo,V^) = (i7(t,0)xxo,C/(t,i')e"*‘'^°V^) 

+ (xr.(a:- t?,O»',„||t/(t,0)u„],»'„l,l|t/(t,f')e-™"fl)^.,^,.,. 

Thus the difference between the above equations is that 

+ (xrc(x - • 

Fising Schwarz’s inequality and CSl), we obtain 

(xr(x - tC,OW^^t)[U{t,0)uo],W^^t)[e-^^^°^P] - W^it)[U{t,t')e-^^'^°^lj]) 

(17) < 2||xrFF$(t)[C/(t,0)uo](x + tC,Ollll7’o||||V’ll0. (t ^+cx)) 
Since ([5]), ([7]) and the similar calculation of Proposition [3l we have for t' >t>T 

= ^W^<i>(t)[f^(i,0)'Uo],Xr'=(x - - {t - s)^, 

(18) 

= ^^<i>(i) [U{t, 0)xxo](x + ti, Xr'^ x + s^,^; 

< \\uo\\yo\\\m{t)-^^\ 

if T = T{a,R) is sufficiently large. (fT5]l follows from (fT71) and (fTHjl . Combining (fTTll . (flTll . 
we obtain (unD. □ 

Theorem [1] is obtained by Proposition 0] and [5] 
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5 Remarks 

In this section, we consider the remarks in Section 1. 

The assertion of Remark [T] follows the estimate 

< Ch{s)\\i)\\, 

where V’) is the term of Proposition [3] and C is some constant. 

We prove Remark [2] as follows. 

Proof of Remark\^ Since the existence of the wave operators and the fact 7?.(IT±(r)) = 
^scati'^) proved in Theorem 1, it suffices to show T T-Lp. 

Similar to the previous sections, we shall prove for r = 0 and t —)• +oo. Let uq G 
and G Sgcat- Then there exist a, R > 0 such that 

(19) l^\\xr,^iiW^(t)[e~'^^uo]{x + tf,f)\\L^R2n) =0. 

On the other hand, if we take w G T-Lp{H), it suffices that 

( 20 ) 

Then taking ^ S similarly to section 3, we get 

(no,w) = (e"**^uo,e"*‘^w) 

By (fT^ . the first term is estimated by 

(xr,,flW$[e"*‘^uo](2; + [e"*‘^u;](x + 0)i2(R2n) 

< C'llxr<,,flW<i.[e"**^uo](x + t|,OllL2(iR2")lkll ^0. (t ^ oo) 

By (l2(l . the second term is estimated by 

(B^4.{t)[e"''^«o](x + te,e)W{K2n\r,,«}B^^(t)[e-'‘^cu](x + te,0)^,^^^ 

(21) < C'l|i‘o||||X{K2n\r„,fl}lB'v2(o[‘^](® + ^^’0llL2(R2n) —)■ 0 . {t^oo) 

(f2T]) follows the density argument and Lemma[2j Therefore we obtain T 'Hp{H). 

□ 

Since \ fo,i)) is dense in L^, the same proof in the previous section 

follows ©. Thus we get the claim of Remark [3l 
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